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Section I   
 
10 marks 
Attempt Questions 1 – 10 
Allow about 15 minutes for this section 
Use the multiple-choice answer sheet provided for Questions 1 to 10. 
 
1. Which of the following is the complex number −2 + 2𝑖𝑖? 
 

(A)     √2𝑒𝑒  3𝜋𝜋𝜋𝜋4  

                    (B)     2√2𝑒𝑒
3𝜋𝜋𝜋𝜋

4  

        (C)      √2𝑒𝑒− 3𝜋𝜋𝜋𝜋4  

(D)      2√2𝑒𝑒− 3𝜋𝜋𝜋𝜋4  

 
 

 

2. Which Argand diagram shows the solutions of 𝑧𝑧5 − 𝑖𝑖 = 0? 
   
 (A).      (B)        

 

 

 

 

 

 (C)       (D)        

  
 

 

 

 

 

 

 

 

Im 𝑧𝑧 

Re 𝑧𝑧 

Im 𝑧𝑧 

Re 𝑧𝑧 

Im 𝑧𝑧 

Re 𝑧𝑧 

Im 𝑧𝑧 

Re 𝑧𝑧 
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3. The vector equation of a line joining the points L (1, 3, 5) and M (𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ) is 
 

                𝑟𝑟 =  �
1
3
5
� + 𝜆𝜆 �

  2
  8
  1

 � . 

    

 Which of the following could be the coordinates of M? 

(A)     (1, 5,−4) 

                    (B)     (3, 11, 8) 

(C)      (3, 12, 6) 

(D)      (3, 11, 6) 

 
4. Consider this statement about quadrilaterals:  
 
  “For all quadrilaterals, if the four sides are equal in length,  
              then the quadrilateral is a rhombus.” 
  
 Which of the following is the contrapositive of the statement?  
  

(A)      If the four sides are not equal in length, then the quadrilateral is not a     

        rhombus. 

                    (B)      If the quadrilateral is not a rhombus, then the four sides are not equal in  

          length. 

(C)      There exists a quadrilateral such that the four sides are not equal in length and 

        the quadrilateral is not a rhombus. 

(D)      There exists a quadrilateral such that the quadrilateral is not a rhombus and 

         the four sides are not equal in length. 
 

5.  Which expression is equivalent to ∫ tan−1𝑥𝑥 𝑑𝑑𝑑𝑑?  
 

(A)      𝑥𝑥 tan−1𝑥𝑥 − ∫ 𝑥𝑥
1+𝑥𝑥2

 𝑑𝑑𝑑𝑑 

(B)      𝑥𝑥2 tan−1𝑥𝑥 − ∫ 𝑥𝑥2

1+𝑥𝑥2
 𝑑𝑑𝑑𝑑 

(C)      
𝑥𝑥
2

(tan−1𝑥𝑥)2 

(D)      
𝑥𝑥
2

(tan−1𝑥𝑥)2 − ∫ 𝑥𝑥
tan𝑥𝑥

 𝑑𝑑𝑑𝑑 
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6. Consider the statement  
  ‘∃𝑥𝑥 ∈ ℝ, ln 𝑥𝑥 = 1 and 𝑥𝑥 > 2.′ 
 
   
 Which of the following is the negation of the statement? 

 
(A)     ∃𝑥𝑥 ∈ ℝ, ln 𝑥𝑥 ≠ 1 and 𝑥𝑥 ≤ 2              

(B)     ∃𝑥𝑥 ∈ ℝ, ln 𝑥𝑥 ≠ 1 or 𝑥𝑥 ≤ 2 

(C)     ∀𝑥𝑥 ∈ ℝ, ln 𝑥𝑥 ≠ 1 and 𝑥𝑥 ≤ 2 

(D)     ∀𝑥𝑥 ∈ ℝ, ln 𝑥𝑥 ≠ 1 or 𝑥𝑥 ≤ 2 

 
 
7.  On an Argand diagram, a set of points lies on a circle of radius 3, centred at the origin. 
 Which of the following defines this circle? 
  

   
 (A)    {𝑧𝑧 ∈ ℂ ∶ 𝑧𝑧𝑧𝑧̅ = 3} 

 
(B)    {𝑧𝑧 ∈ ℂ ∶ 𝑧𝑧2 = 9} 
 

(C)    {𝑧𝑧 ∈ ℂ ∶ (𝑧𝑧 + 𝑧𝑧̅)2 − (𝑧𝑧 − 𝑧𝑧̅)2 = 36} 

(D)    {𝑧𝑧 ∈ ℂ ∶ Re(𝑧𝑧2) + Im(𝑧𝑧2) = 9} 

 

 
8. The angle between the vector 𝑥𝑥1 𝑖𝑖~ + 𝑦𝑦1𝑗𝑗

~
+ 𝑧𝑧1𝑘𝑘~ and the 𝑥𝑥 − 𝑧𝑧 plane is:    

  

(A)      sin−1 � 𝑦𝑦1
�𝑥𝑥12+𝑦𝑦12+ 𝑧𝑧12

�. 

(B)      cos−1 � �𝑥𝑥12+𝑧𝑧12

�𝑥𝑥12+𝑦𝑦12+𝑧𝑧12
�. 

(C)      cos−1 � 𝑦𝑦1
�𝑥𝑥12+𝑦𝑦12+ 𝑧𝑧12

�. 

(D)      sin−1 � �𝑥𝑥12+𝑧𝑧12

�𝑥𝑥12+𝑦𝑦12+𝑧𝑧12
�. 
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9.  Which expression is equal to ∫ sin5𝑥𝑥 cos2𝑥𝑥𝑥𝑥𝑥𝑥? 
 

(A)     − cos3𝑥𝑥
3

 + 2cos
5𝑥𝑥

5
 – cos

7𝑥𝑥
7

 + 𝐶𝐶 

(B)      cos
3𝑥𝑥
3

 – 2cos
5𝑥𝑥

5
 + cos

7𝑥𝑥
7

 + 𝐶𝐶 

   (C)      − sin3𝑥𝑥
3

 + sin
4𝑥𝑥
2

 – sin
7𝑥𝑥
7

 + 𝐶𝐶 

   (D)      sin
3𝑥𝑥
3

 – sin
4𝑥𝑥
2

 + sin
7𝑥𝑥
7

 + 𝐶𝐶 

 

 

10. In the diagram, 𝐴𝐴𝐴𝐴𝐴𝐴 is a triangle such that 𝐴𝐴𝐴𝐴 = 2𝐴𝐴𝐴𝐴 and ∠𝐵𝐵𝐵𝐵𝐵𝐵 =  𝜋𝜋
3

.   
 

The vertices 𝐴𝐴,𝐵𝐵, and 𝐶𝐶 are represented by the complex numbers 𝛼𝛼,𝛽𝛽 and 𝛾𝛾 respectively. 
 
  
 
 
 
 
 
 
 
 
 
 

Which of the following is the correct expression of the complex number 𝛾𝛾 ?     
 

(A)      𝛾𝛾 = �1 + 𝑖𝑖 √3 �( 𝛽𝛽 − 𝛼𝛼 ) + 𝛼𝛼   

(B)      𝛾𝛾 = �1 + 𝑖𝑖 √3 �( 𝛽𝛽 + 𝛼𝛼 ) − 𝛼𝛼   

(C)      𝛾𝛾 =  1
2

 �1 + 𝑖𝑖 √3 �( 𝛽𝛽 − 𝛼𝛼 ) + 𝛼𝛼 

(D)      𝛾𝛾 = �1 + 𝑖𝑖 √3 �( 𝛼𝛼 −  𝛽𝛽) + 𝛼𝛼   

 
 
 
 
 
 
   END OF SECTION I 

𝑦𝑦 

𝑥𝑥 0 

𝐵𝐵(𝛽𝛽) 

𝐴𝐴(𝛼𝛼) 

𝐶𝐶(𝛾𝛾) 
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Section II   
90 marks 
Attempt Questions 11 – 16 
Allow about 2 hours and 45 minutes for this section 
 
In Questions 11-16, your responses should include relevant mathematical reasoning and/or 
calculations 
 
Question 11 (15 marks) Use a SEPARATE writing booklet. Marks 
 
(a) Evaluate 𝑖𝑖2021 + 𝑖𝑖2022.          2 
 
 
 
(b) Consider the complex number 𝛼𝛼 = 1 − 𝑖𝑖 and  𝛽𝛽 = −1 − 𝑖𝑖 .     
 Express the following in the form 𝑎𝑎 + 𝑖𝑖𝑖𝑖, where 𝑎𝑎 and 𝑏𝑏 are real. 
  
 (i) 𝛼𝛼 − 𝛽𝛽              1 
 
 (ii) 𝛽𝛽2              1 
 

 (iii) 𝛼𝛼 +  
1
𝛼𝛼𝛽𝛽�

             2 
 
 

(c) Find ∫ cos(ln 𝑥𝑥)
𝑥𝑥

 𝑑𝑑𝑑𝑑             2 
 
 
(d) A, B and C are three collinear points with position vectors 𝑎̰𝑎, 𝑏̰𝑏 and 𝑐̰𝑐 respectively.     2 
 Point B lies between A and C  with  �𝐵𝐵𝐵𝐵�����⃗ � = 1

2
�𝐴𝐴𝐴𝐴�����⃗ � . 

 Find 𝑐̰𝑐 in terms of  𝑎̰𝑎  and  𝑏̰𝑏. 
 

(e)  Disprove the statement:             2 

 ‘There exists 𝑏𝑏 ∈ ℕ such that  𝑏𝑏2 + 9𝑏𝑏 + 20  is a prime number.’ 
 

(f) The line 𝑙𝑙 has equation 
𝑥𝑥−1
𝑘𝑘

= 𝑦𝑦−1
3

= 3−𝑧𝑧
6

. Find the positive value of 𝑘𝑘 for which          3 

           the angle between line 𝑙𝑙 and the 𝑥𝑥 −axis is 1200 .                                       
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Question 12 (15 marks) Use a SEPARATE writing booklet.           Marks 

(a) (i) Find the values of 𝐴𝐴,𝐵𝐵, and 𝐶𝐶 such that:      3 
 

    
𝑥𝑥2 + 𝑥𝑥+11

(𝑥𝑥+2)(𝑥𝑥2+9) =  𝐴𝐴
𝑥𝑥+2

+  𝐵𝐵𝐵𝐵+𝐶𝐶
𝑥𝑥2+9

 . 

 
 

 (ii) Hence find ∫ 𝑥𝑥2 + 𝑥𝑥+11
(𝑥𝑥+2)(𝑥𝑥2+9) 𝑑𝑑𝑑𝑑.        2 

 
 
 
(b) Let 𝑃𝑃 and 𝑄𝑄 be points representing the complex numbers 𝑧𝑧1and 𝑧𝑧2 = −2 + 6𝑖𝑖    
 respectively. 
 
 (i) If ∆𝑃𝑃𝑃𝑃𝑃𝑃 forms an equilateral triangle with arg 𝑧𝑧2 > arg 𝑧𝑧1, find the  3 
   complex number represented by 𝑃𝑃,  in the form 𝑎𝑎 + 𝑖𝑖𝑖𝑖. 
 
 

(ii) Hence find the area of the ∆𝑃𝑃𝑃𝑃𝑃𝑃.       1 
 
 
 
 
 
 
 
(c) What is the value of this integral correct to 2 decimal places?    3 

        
  

 
 
 
 
(d) Sketch the region on the Argand diagram defined by |𝑧𝑧 − 3𝑖𝑖| > |𝑧𝑧 + 2|.   3 

 
 
 
 
 
 
 
  

�
𝑥𝑥

√2𝑥𝑥 − 𝑥𝑥2
𝑑𝑑𝑑𝑑

1

0.5
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Question 13 (15 marks) Use a SEPARATE writing booklet.                 Marks 
 
(a)      Use integration by parts to find  ∫ 𝑒𝑒𝑥𝑥sin 𝑥𝑥 𝑑𝑑𝑑𝑑.            3 
 
 
 
(b)  The diagram 𝑂𝑂𝑂𝑂𝑂𝑂𝑂𝑂 below is a right triangular pyramid in which 

 �𝑂𝑂𝑂𝑂�����⃗ � = 10, �𝑂𝑂𝑂𝑂�����⃗ � = 20 and �𝑂𝑂𝑂𝑂�����⃗ � = 10, and ∠𝐴𝐴𝐴𝐴𝐴𝐴 = ∠𝐴𝐴𝐴𝐴𝐴𝐴 = ∠𝐵𝐵𝐵𝐵𝐵𝐵 = 90°. 
 
 
 NOT DRAWN  
 TO SCALE 
 
 
 
 
 
 
 
 The unit vectors 𝒊𝒊

~
, 𝒋𝒋

~
 and 𝒌𝒌

~
 are parallel to 𝑂𝑂𝑂𝑂�����⃗ , 𝑂𝑂𝑂𝑂�����⃗  and 𝑂𝑂𝑂𝑂�����⃗  respectively. 

 The points 𝑅𝑅 and 𝑆𝑆 are the midpoints of 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 respectively.  
 
 (i) Determine the vectors 𝑂𝑂𝑂𝑂�����⃗  and 𝑂𝑂𝑂𝑂�����⃗  in terms of 𝒊𝒊

~
, 𝒋𝒋

~
 and 𝒌𝒌

~
.       2 

 
 (ii) Calculate, to the nearest minute, the angle between 𝑂𝑂𝑂𝑂�����⃗  and 𝑂𝑂𝑂𝑂�����⃗ .    2 
 
 
 (iii) Find the exact length of the perpendicular from 𝑅𝑅 to 𝑂𝑂𝑂𝑂�����⃗ .     2 
 
 
 
(c)  ′𝑚𝑚𝑚𝑚𝑚𝑚′ represents a three-digit number, where 𝑚𝑚, 𝑛𝑛 and 𝑘𝑘 are the 1st, 2 

 2nd and 3rd digit respectively. If 𝑚𝑚 + 𝑛𝑛 + 𝑘𝑘 is divisible by three,  
 show that 𝑚𝑚𝑚𝑚𝑚𝑚 is divisible by three. 

 
 
(d) If 𝑥𝑥 = 1 − 2𝑖𝑖 is a root of 𝑥𝑥3 + 𝑝𝑝𝑥𝑥2 − 𝑥𝑥 + 15, find 𝑝𝑝 if 𝑝𝑝 is a real number.     2 
  
 
 
(e) Prove by contradiction that there are no positive integers 𝑝𝑝 and 𝑞𝑞,     2 

such that  4𝑝𝑝2 − 𝑞𝑞2 = 25. 
 

𝑧𝑧 

𝑥𝑥 

𝑦𝑦 𝑂𝑂 𝐵𝐵 

𝐴𝐴 

𝐶𝐶 
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Question 14 (15 marks) Use a SEPARATE writing booklet.   Marks  

(a) A sphere has a centre at (3,−3, 4) and its radius is 6 units. 
 

 A line has equation 𝑟̰𝑟 = �
1
5
4
� + 𝜆𝜆 �

2
−1
−1

�. 

 
(i) Write down the vector equation of the sphere.           1 

 
(ii) Determine whether the line is a tangent to the sphere,      3 
 clearly justifying your conclusion. 

 
 
 
 
(b) For positive real number, 𝑥𝑥,𝑦𝑦 and 𝑧𝑧:     
 

(i)  Show that 𝑥𝑥 + 
1
𝑥𝑥

 ≥ 2.              1 
 

(ii) Hence show that (𝑥𝑥 + 𝑦𝑦 + 𝑧𝑧) �1
𝑥𝑥

+
1
𝑦𝑦

+
1
𝑧𝑧
� ≥ 9.          2 

 
 
 
(c) Use the substitution 𝑡𝑡 = tan 𝑥𝑥

2
  to evaluate        4 

    

 Leave your answer correct to 2 decimal places. 
 
 
 
 
(d) Let n be a natural number. For each of the following statements, decide whether  
 it is true or false. If true, give a proof.  If false, give a counter example. 
 
 (i) If 𝑛𝑛 is a multiple of 4 then so is 𝑛𝑛2.          2 
 
 (ii) If 𝑛𝑛2 is a multiple of 4 then so is 𝑛𝑛.          2 
 
 
 
 
 
 
 
 

�
1

3 − cos 𝜃𝜃

𝜋𝜋
3

0
𝑑𝑑𝑑𝑑. 
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Question 15 (15 marks) Use a SEPARATE writing booklet.   Marks 

(a) Find 𝛼𝛼 and 𝛽𝛽 given that 𝑧𝑧3 + 6𝑧𝑧 − 4√2𝑖𝑖 = (𝑧𝑧 − 𝛼𝛼)2(𝑧𝑧 − 𝛽𝛽).      3 
 
 
 
 
(b) Use an appropriate trigonometric substitution to show that 
 

   ∫ 𝑥𝑥2

√9−𝑥𝑥2
  𝑑𝑑𝑑𝑑 = 

9
2

 sin−1 𝑥𝑥
3
− 

𝑥𝑥
2

 √9 − 𝑥𝑥2 + 𝐶𝐶.        3 
 
 
 
 
(c) Lines l1 and l2 are given below, relative to a fixed origin O. 
 
 l1:  𝑟𝑟

~
(𝑡𝑡) = �−9𝑖𝑖

~
+ 10𝑘𝑘

~
� + 𝛾𝛾 �2𝑖𝑖

~
+ 𝑗𝑗

~
− 𝑘𝑘

~
� 

 
 l2:  𝑟𝑟

~
(𝑡𝑡) = �3𝑖𝑖

~
+ 𝑗𝑗

~
+ 17𝑘𝑘

~
� + 𝜇𝜇 �3𝑖𝑖

~
− 𝑗𝑗

~
+ 5𝑘𝑘

~
� 

 
      where 𝛾𝛾 and 𝜇𝜇 are scalar parameters. 
 
 (i) Line l1 meets line l2 at the point A.  What is the position vector of point A.     3 
 
 
 (ii) Point 𝐵𝐵 has position vector 5𝑖𝑖

~
+ 7𝑗𝑗

~
+ 3𝑘𝑘

~
.  Does 𝐵𝐵 lie on either line?      2 

 
 
 
 

(d)  (i) Show that (1 + 𝑖𝑖 tan 𝜃𝜃)𝑛𝑛 + (1 − 𝑖𝑖 tan𝜃𝜃)𝑛𝑛 =  
2cos𝑛𝑛𝑛𝑛
𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝜃𝜃

 , where cos 𝜃𝜃 ≠ 0, 𝑛𝑛 ∈ ℤ+.      2
   
 

(ii) By using the result in part (i), and by letting 𝑧𝑧 = 𝑖𝑖 tan 𝜃𝜃, show that the roots of       2  
  (1 + 𝑧𝑧)2 + (1 − 𝑧𝑧)2 = 0  are 𝑧𝑧 = ±𝑖𝑖 tan 𝜋𝜋

4
. 
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Question 16 (15 marks) Use a SEPARATE writing booklet. Marks 

(a) (i) Show that 
𝑑𝑑
𝑑𝑑𝑑𝑑

 [(1 + 𝑥𝑥) ln(1 + 𝑥𝑥) − 𝑥𝑥] = ln(1 + 𝑥𝑥).         2 
 
 Consider the reduction formula 𝐼𝐼𝑛𝑛 = ∫ 𝑥𝑥𝑛𝑛 ln(1 + 𝑥𝑥)𝑑𝑑𝑑𝑑1

0   for 𝑛𝑛 = 0, 1, 2, …  . 
 

 (ii) Show that (𝑛𝑛 + 1)𝐼𝐼𝑛𝑛 = 2 ln 2 − 
1

𝑛𝑛+1
 –  𝑛𝑛𝐼𝐼𝑛𝑛−1,          𝑛𝑛 = 1, 2, …  .      3 

 
 

(iii) Hence evaluate 4𝐼𝐼3.             2 
 
  
(b) Let the complex number 𝛼𝛼 = 1

2
𝑒𝑒𝑖𝑖 𝜃𝜃 , where 𝜃𝜃 is real.  

 
 (i)  Show that the real part of the series                                     3 

      1 + 1
2
𝛼𝛼3 + 1

4
𝛼𝛼6 + 1

8
𝛼𝛼9 +…  is  256 – 16cos 3θ 

257 – 32cos 3θ
. 

 
  

            (ii) Find an expression for              2 

      
1
24

 sin 3θ + 
1
28

  sin 6θ + 
1
212

 sin 9θ + …    in terms of sin 3θ and cos 3θ. 
 
 
 
(c) For 𝑑𝑑, an integer when 𝑑𝑑 >  1, show that: 
 

 (i) 
1
𝑑𝑑2

 < 
1

𝑑𝑑(𝑑𝑑−1)
 .             1 

 

 (ii) Noting that 
1

𝑑𝑑2−𝑑𝑑
 = 

1
𝑑𝑑−1

 – 
1
𝑑𝑑

 ,            2 
 

    show that  
1
12

 + 
1
22

 + 1
32

 +⋯+ 
1
𝑛𝑛2

 < 2 as 𝑛𝑛 ⟶ ∞. 
 
 
 
  
 
 
 
 

END OF EXAMINATION 
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